Many real life problems can be modeled as nonlinear discrete optimization problems. Such problems often have multiple local minima and thus require global optimization methods.
Introduction
Many real life applications, such as production planning, finance, scheduling, and operations involve integer valued decision variables. We distinguish between discrete optimization problems, where all decision variables are integer valued, and mixed discrete optimization problems, where only some of the decision variables have integer values. The latter type are often decomposed into purely discrete and continuous subproblems, respectively, and hybrid algorithms for their solutions are developed on this basis. The discrete parts of these hybrid algorithms are similar in nature to the purely discrete algorithms, which we address in this paper. Most practical discrete and mixed discrete optimization problems are nonlinear and known to have more than one locally optimal solutions. This suggests the need for global optimization techniques which seek the best solution amongst multiple local optima. Global optimization problems may be unconstrained or constrained, and different algorithms have been developed, depending on whether constraints are present as well as on the nature of these constraints.
The challenge in global optimization is to avoid being trapped in the basins surrounding local minimizers. Several global methods have been proposed for solving discrete optimization problems. These techniques can be classified into two main categories: exact methods and heuristic methods. The branch and bound method [18, 20, 21] , the cutting plane method [7, 10, 45] , Lagrangian relaxation [9, 13] , the nonlinear Lagrangian relaxation method [40, 41] , the discrete Lagrangian method [38, 39] , dynamic programming [22] , and relaxation techniques [3, 17, 29] are popular exact methods. These exact methods can ensure that a global solution is found when solving small size discrete optimization problems. However, such methods require excessive computational time when solving large scale problems. Furthermore, only well-structured problems with good analytical properties can be solved efficiently using these exact methods.
Since nonlinear discrete optimization problems are generally NP-hard, there are no efficient exact algorithms with polynomial-time complexity for solving them. Hence, a heuristic computational approach is required, especially for high-dimensional problems.
The heuristic methods include greedy-search [1, 4, 6, 8] , simulated annealing [24, 30] , genetic algorithm [2, 34, 37] , tabu search [14, 23] , and filled function techniques. Though these methods cannot guarantee a global solution, satisfactory results can often be found for high dimensional nonlinear discrete optimization problems in a reasonable amount of computational time.
The discrete filled function method is one of the more recently developed global optimization tools for discrete optimization problems. Once a local minimum has been determined by an ordinary descent method, the discrete filled function approach introduces an auxiliary function to avoid entrapment in the basin associated with this minimum. The local minimizer of the original function becomes a local maximizer of the auxiliary function. By minimizing the auxiliary function, the search moves away from the current local minimizer in the hope of escaping the basin associated with this minimizer. Note that the auxiliary function is defined in terms of one or more parameters and needs to possess certain properties, details of which are discussed in Section 3. The first filled function was introduced by Ge in the late 1980s [11] in the context of solving continuous global optimization problems. In [12] , Ge and Huang extended the continuous filled function concept to solve nonlinear discrete optimization problems, where a continuous global optimization problem is formulated to approximate the discrete global optimization problem, before solving it by the continuous filled function method. When a global minimizer of the continuous approximation is found, the nearest integer point is used to approximate the global solution of the discrete problem. However, the approximating continuous optimization problem always generates more local minimizers than the original discrete one, thus making it more difficult to determine a global solution. Numerical results reported in [26] have shown that the true global minimizer is difficult to determine using this approach.
A detailed analysis of the continuous filled function can also be found in [26] .
Zhu [46] is believed to be the first researcher to introduce a discrete equivalent of the continuous filled function method in late 1990s. Such an approach is now known as a discrete filled function method or discrete global descent method. A discrete filled function method is able to overcome the difficulties encountered in using a continuous approximation, as discussed above. However, the filled function proposed by Zhu contains an exponential term, which consequently makes it difficult to determine a point in a lower basin [26, 27] . Since then, several types of discrete filled functions with improved theoretical properties have been proposed in [16, 27, 28, 32, 33, [42] [43] [44] to enhance computational efficiency.
The discrete filled function approach can be described as follows. An initial point is chosen and a local search is applied to find an initial discrete local minimizer. Then, an auxiliary function, called a filled function, is constructed at this local minimizer. By minimizing the filled function, either an improved discrete local minimizer is found or the boundary of the feasible region is reached. The discrete local minimizer of the filled function usually becomes a new starting point for minimizing the original objective with the hope of finding an improved point compared to the first local minimizer. A new filled function is constructed at this improved point. The process is repeated until no improved local minimizer of the earlier filled function can be found. The final discrete local minimizer is then taken as an approximation of the global minimizer.
If a local minimizer of the filled function cannot be found after repeated searches terminate on the boundary of the box constrained feasible region, the parameters defining the filled functions are adjusted and the search is repeated. This adjustment of the parameters continues until the parameters reach their predetermined bounds; the best solution obtained so far is then taken as the global minimizer. Note that some filled functions have one parameter (such as those in [16, 32, 43] ), while the rest are equipped with two parameters. The latter filled functions often have one parameter which is partially dependent on the other and this requires additional steps when tuning the parameters in order to satisfy the required convergence criteria. Note that each filled function discussed here has unique characteristics. The complexity of each filled function is also dependent on its associated algorithm, as discussed in detail in the following sections.
Consider the following nonlinear discrete optimization problem:
where X = {x ∈ Z n |x i,min ≤ x i ≤ x i,max }, Z n is the set of integer points in R n , and
. . , n, are given bounds. Let x 1 and x 2 be any two distinct points in the box constrained set X and observe the following assumptions:
Assumption 1 There exists a constant K satisfying
where · is the Euclidean norm.
Most discrete filled function methods are designed to solve box constrained problems.
Unconstrained and more generally constrained problems may be converted into an equivalent box constrained form. For example, consider the following unconstrained discrete optimization problem,
If f is coercive, i.e., f (x) → +∞ as x → +∞, then there exists a box which contains all discrete minimizers of f . Hence, the formulation in (2) can be transformed into an equivalent formulation in (1) and thus can be solved by any discrete filled function method.
Many discrete filled function algorithms in the literature, such as those in [16, 27, 28, 44] , are also directly applicable to linearly constrained problems as long as the resulting feasible region is convex and pathwise connected.
As for generally constrained problems, the nonlinear constraints are usually handled with a penalty method. Consider the following general nonlinear constrained discrete optimization problem,
where Λ = {x ∈ Z n : g i (x) ≤ 0, i = 1, . . . , m} and Z n is the set of integer points in R n . In [26] , the constrained problem (3) is converted into an equivalent box constrained problem by adding a penalty term to the objective function f , i.e.,
where α 0 is a sufficiently large parameter. Note that it is difficult to determine an exact penalty parameter when solving these NP-hard problems and thus only approximate solutions can be determined. Note also that the discrete filled function method in [43] takes a different approach and incorporates constraints directly into the formulation of the filled function. The purpose of this paper is to review several discrete filled functions and their associated algorithms as proposed in the literature. The remainder of this paper is organized as follows. We review the basic discrete optimization concepts and present a generic discrete filled function algorithm in the following section. Then, we discuss several individual discrete filled function formulations, their properties, and particulars of their associated algorithms in Section 3. The performances of selected filled function algorithms when applied to several test problems are compared in Section 4.
2 Discrete Optimization: Concepts & Approach
Preliminary Concepts
We recall some definitions and concepts used in the discrete optimization area.
between two distinct points x * and x * * in X is a discrete path in X if x (0) = x * , x (k+1) = x * * , x (i) ∈ X for all i, x (i) = x (j) for i = j, and
If such a discrete path exists, then x * and x * * are pathwise connected in X. If every two distinct points in X are pathwise connected in X, then X is a pathwise connected set.
Definition 2
For any x ∈ X, the neighbourhood of x is defined by N (x) = {w ∈ X| w = x ± e i : i = 1, 2, . . . , n}.
Here, e i denotes the i-th standard unit basis vector of R n , with the i-th component equal to one and all other components equal to zero.
Definition 3
The set of all feasible directions at x ∈ X is defined by D(x) = {d ∈ R n :
for all x ∈ X \ x * , then x * is a strict global minimizer of f .
LetX denote the set of vertices of X.
Definition 9 B * ⊂ f is a discrete basin of f corresponding to x * if it satisfies the following conditions:
• It is pathwise connected.
• It contains x * .
• 
A discrete filled function is defined as an auxiliary function constructed at a local minimizer of the original function f , where the local minimizer of f becomes a local maximizer of the auxiliary function. By minimizing the auxiliary function, the search moves away from the current local minimizer in the hope of escaping the basin associated with this minimizer. Note that the auxiliary function is defined in terms of one or more parameters and needs to possess certain properties, details of which are discussed in the next section.
Generic Discrete Filled Function Approach
We present the generic framework of a discrete filled function algorithm. 
Remark 1 Note that some methods in the literature, such as [32, 46] Choose an initial starting point x 0 ∈ X.
Local search of the original function.
Starting from x 0 , minimize f (x) using Algorithm 1 to obtain a local minimizer x * of f . 
Local search of discrete filled function.
Let G x * denote the discrete filled function associated with x * .
Minimize G x * using Algorithm 1 starting from x c .
Letx be the obtained local minimizer of G x * .
Checking the status ofx.
If f (x) < f (x * ), set x 0 :=x and go to Step 2. Otherwise, go to Step 6.
Checking other search directions.
At this point, the algorithms in [27, 28, 44] will adjust the parameters of the filled function and return to Step 4 ifx ∈ X\X.
Otherwise, along with most of the remaining algorithms, they set ℓ := ℓ + 1.
If ℓ ≤ q, all of the algorithms return to Step 3(b) .
Otherwise, the parameters of the filled function are adjusted before returning to
Step 3(a).
If all the parameters of the filled function exceed their prescribed bounds anywhere in this step, the current value of x * is taken as the global minimizer.
Remark 2 Some methods in the literature, such as [32, 33, 44] , replace N (x * ) in Step 3 with M = {w 1 , w 2 , . . . , w q }, where w i , i = 1, . . . , q, are randomly chosen from X. Also, q needs to be chosen by the user in this case.
Remark 3 Some algorithms [16, 27, 28, 33, 42] do not require a local minimizer of G x * in
Step 4. Instead, in the attempt to reduce G x * , if any point x k is found such that
, they set x 0 := x k and go back to Step 2.
Remark 4 Both functions f and G x * are minimized subject to X, except in [43] . The feasible regions of f and G x * are defined by Λ and X, respectively, in [43] .
Remark 5
Note that the methods in [16, 27, 28, 44] 
define X via upper and lower bounds on the variables as well as a set of linear inequality constraints.
Remark 6 A slightly different approach is proposed in [27] For a clearer picture on how the filled function algorithm works, we consider an illustrative example in the next subsection.
Illustrative Example
Problem (6) is the 3-hump back camel function proposed in [5] which has 1.2007001 × 10 7 feasible points. This box constrained problem has a global minimum solution at
The discrete filled function method in [27] is used to In the next section, we discuss and analyze various discrete filled function methods from the literature.
3 Discrete Filled Function Methods
Discrete Filled Function in Zhu [46]
Zhu is believed to be the first researcher to adapt the continuous filled function approach directly for solving discrete optimization problems. Let x * denote the current discrete local minimizer. A filled function dependent on parameters θ and p is defined as
Assuming that p and θ are chosen so that
wheref is an upper bound of f over X and h ≤ min{|f (
, the filled function (7) has the following properties:
For any x ∈ X,
•
Any discrete local minimizer of the discrete filled function G θ,p,x * must be in the set S L orX.
Zhu suggests that the algorithm should stop when all searches for a minimum of G θ,p,x * starting in N (x * ) terminate at vertices without finding an improved point of f . Note that the algorithm in [46] does not require updating of the parameters θ and p. Thus, the final x * is assumed to be the global minimum. Two numerical examples are demonstrated to test the efficiency of this filled function. However, the disadvantage of his method is that it is almost impossible to find a negative filled function value that would indicate that a point in a lower basin exists. This is because the discrete filled function contains an exponential term, making it ill conditioned and also leading to poor efficiency as noted in [27] . In addition, it is difficult to determine suitable values of h andf , thus making it difficult to find suitable values for parameters θ and p.
Discrete Filled Function in Ng, Zhang, Li & Tian [28]
A new discrete filled function with improved theoretical properties was proposed in [28] several years later. Recall that B * denotes a discrete basin of f that contains the current discrete local minimizer x * . According to [28] , a function G µ,ρ,x * is defined to be a discrete filled function of f at x * if it satisfies the following:
x * is a strict local maximizer of G µ,ρ,x * .
G µ,ρ,x * has no discrete local minimizers in B * or in any discrete basin of f higher than B * .
If f has a discrete basin B * * at x * * which is lower than B * , then there is a discrete pointx ∈ B * * that minimizes G µ,ρ,x * on a connected discrete path {x * , . . . ,x, . . . , x * * } in X.
The discrete filled function proposed in [28] is
where ρ and µ are parameters which satisfy certain properties as detailed below.
Recall the meaning of K and L from Assumptions 1 and 2. Suppose thatx ∈ S U .
• If ρ > 0 and 0
• G µ,ρ,x * (x * ) has no local minimizers in B * or in any discrete basin of f higher than B * .
For everyx, x * ∈ X, there exists
Let x * ∈ X andx ∈ X be the local minimizers of f and G µ,ρ,x * , respectively. If
•x is in a basin B * * (associated with a local minimum x * * ) of f which is lower than basin B * (associated with x * ) .
Both µ and ρ are initialized as 1. This filled function ensures that a local minimizer of G µ,ρ,x * is either a better point in a lower basin or a vertex of X. It is not necessary to find the minimizer of G µ,ρ,x * if a point x k with f (x k ) < f (x * ) is found in Step 4 of Algorithm 2. Since x k is an improved point, the algorithm sets x 0 := x k and returns to
Step 2 to minimize the original function f . If the minimizer of G µ,ρ,x * is not a vertex, µ is reduced via µ := µ/10 and G µ,ρ,x * is minimized once more starting at the same x c . When no improved point is found after the minimization process for G µ,ρ,x * ends up at a vertex, then set ℓ := ℓ+1 and return to Step 3(b) . If ℓ > q, ρ is reduced. The algorithm terminates when the lower bound of ρ, ρ L , is met. Several test problems were investigated in [28] and the proposed discrete filled function was shown to be efficient in solving large scale problems involving up to 200 variables. Note that ρ L was set to 1 for the computations in [28] and further reduction of ρ was not necessary since all test problems yielded the global solution when ρ = 1. According to one of the characteristics of this filled function,
x, the local minimizer of G µ,ρ,x * , lies on a discrete path {x * , . . . ,x, . . . , x * * } in X that connects the current basin B * at x * to a lower basin B * * . However, the properties of this filled function do not guarantee thatx is a true minimizer of the original function. A revised discrete filled function is proposed in [27] to overcome this difficulty.
Discrete Filled Function in Ng, Li & Zhang [27]
Based on the work in [28] , a new discrete filled function G µ,ρ,x * at x * is defined as follows:
where ω > 0 is a sufficiently small number and 0 < c ≤ 1 is a constant. The function G µ,ρ,x * (x) is a discrete filled function when certain conditions of the parameters µ and ρ are satisfied as detailed in the following conditions:
G µ,ρ,x * has no local minimizer in the set S U \X.
x * * ∈ X \X is a local minimizer of f if and only if x * * is a local minimizer of
If ρ > 0 and 0 < µ < min{1,
If x * is a global minimizer of f , then G µ,ρ,x * (x) < 0 for all x ∈ X \ x * .
Letd ∈ D(x) be a feasible direction atx ∈ S U such that x+d−x * > x−x * .
Let x * * be a strict local minimizer of f with f (x * * ) < f (x * ). If ρ > 0 is sufficiently small and 0 < µ < 1, then x * * is a strict local minimizer of G µ,ρ,x * .
Letx be a strict local minimizer of G µ,ρ,x * andd ∈ D(x) be a feasible direction atx such that x +d − x * > x − x * . If ρ > 0 is sufficiently small and
Then, x * * ∈ X \X is a local minimizer of f with f (x * * ) < f (x * ) if and only if x * * is a local minimizer of G µ,ρ,x * . This is an improved version of the discrete filled function in [28] , to ensurex coincides with x * * . In other words, every local minimizer of the discrete filled function G µ,ρ,x * is also a local minimizer for the original function f . Both µ and ρ are initialized as 0.1. The parameter µ is reduced ifx is neither a vertex nor an improved point by setting µ := µ/10 and returning to Step 3(a). When all the searches end up at vertices, set ℓ := ℓ + 1 and return to Step 3(b). Another parameter ρ is adjusted when ℓ > q. Similar to [28] , the algorithm for minimizing G µ,ρ,x * exits prematurely when an improved point x k with f (x k ) < f (x * ) is found in Step 4 of Algorithm 2. The algorithm sets x 0 := x k and returns to Step 2 to minimize the original function f . Note that a direction which yields the greatest improvement of f + G µ,ρ,x * is chosen when minimizing G µ,ρ,x * , assuming that a direction for improving f and G µ,ρ,x * does exist simultaneously. If such a direction does not exist, the algorithm chooses the steepest descent direction such that G µ,ρ,x * (x c +d * ) < G µ,ρ,x * (x c ). The algorithm terminates when ρ L = 0.1. Note that ρ is fixed at 0.1, since all test problems yield a global solution with this setting. The filled function in (9) is shown to increase computational efficiency when compared with that in [28] . Several test problems with up to 1.38 × 10 104 feasible points were solved using this method.
Discrete Filled Function in Yang & Liang [42]
A two parameter exponential filled function,
where
is introduced in [42] . Let S M represent the set of discrete local minimizers of f , a < 0, and 0 < b < max
G a,b,x * is a discrete filled function of f if G a,b,x * (x) has the following properties:
x * is a strict discrete local maximizer of G a,b,x * .
G a,b,x * has no discrete local minimizers in S U .
For any x, x * ∈ X, there exists d ∈ D(x) such that
If, for any x 1 , x 2 ∈ X,
The parameters a and b are initialized as 0.01 and 1, respectively. When all the search directions from x * have been utilized but no improved point of f is found (i.e., ℓ > q) in
Step 6 of Algorithm 2, the user proceeds as follows. If a > 10 −7 , only a is reduced by a factor of 10. Otherwise, both a and b are reduced by a factor of 10. The algorithm terminates when b ≤ 10 −5 . Note that it is not necessary to find the minimizer of G a,b,x * for this algorithm. As long as a point x k with f (x k ) < f (x * ) is found when minimizing G a,b,x * , the algorithm reverts to f to minimize the original function. As in [28] , a local minimizer of this filled function is not guaranteed to be a true local minimizer of the original function f .
Discrete Filled Function in Shang & Zhang [32]
A third exponential filled function is suggested in [32] . Let x * be the current local minimizer and choose any x 0 such that f (x 0 ) ≥ f (x * ). According to [32] , G ̟,x 0 ,x * is called a discrete filled function of f at x * if G ̟,x 0 ,x * has the following properties:
G ̟,x 0 ,x * has no local minimizer in S U \{x 0 } and x 0 is not necessarily a local
If x * is not a global minimizer of f , there exists a local minimizerx ∈ S L of
For any x ∈ X, if x = x 0 , there exists d ∈ D(x) such that
A discrete filled function is defined as
where ̟ > 0 is a parameter to be chosen and the prefixed point x 0 satisfies f (x 0 ) ≥ f (x * ).
The functions ζ(t) and ξ(t) have the following characteristics: ζ(t) and ξ(t) are strictly increasing for any t ∈ [0, +∞).
ζ(0) = 0 and ξ(0) = 0.
In addition, the following conditions hold for G ̟,x 0 ,x * :
Suppose that ε is a small positive constant and ̟ satisfies ̟ > ξ −1 (C) exp(ε 2 ) exp(ε 2 ) − 1 .
Then, given any x * of f such that f (x * ) ≥ f (x * ) + ε, wherex * is a global minimizer of f , G ̟,x 0 ,x * has at least one local minimizer in S L .
Instead of performing a neighbourhood search in Step 3 of Algorithm 2, the implementation in [32] uses any initial point on the boundary of X to minimize G ̟,x 0 ,x * . In [32] , the parameter ̟ is fixed to 400.5(10 √ n + 1), where n is the dimension of a problem. For each subsequent initial point drawn from the boundary of X, i := i + 1, the algorithm terminates when i = 10 n . Every local minimizer of G ̟,x 0 ,x * is assumed to be an improved point (Step 5 of Algorithm 2 is bypassed). Though this filled function has only one fixed parameter, the local search of G ̟,x 0 ,x * can become computationally intensive due to the large number of initial points that may need to be tested before the termination criteria is met. A nonlinear box constrained problem with up to 1.71 × 10 5 feasible points was solved in [32] . Similar to [28, 42] , a local minimizer of the filled function G ̟,x 0 ,x * is not necessarily a local minimizer of the original function f . Furthermore, a prefixed point x 0 is required at the beginning of the algorithm, resulting in the minimization process typically converging to x 0 rather than an improved point of the original function. A refined formulation of this filled function is suggested in [33] .
Discrete Filled Function in Shang & Zhang [33]
Let
be a discrete filled function of f with q > 0 and 0 < δ < min
It has the following properties:
x * is a strict local maximizer of G δ,q,x * .
If f (x) ≥ f (x * ) and x = x * , then x is not a local minimizer of G δ,q,x * .
If x * is not a global minimizer of f (x), there exists a local minimizerx of G δ,q,x * in S L .
If x 1 , x 2 ∈ X are two distinct points which satisfy
• f (x 1 ) ≥ f (x * ) and f (x 2 ) ≥ f (x * ), and
For any x 1 , x 2 ∈ X which satisfy
, and
This filled function overcomes the prefixed point issue in [32] to ensure a better point of the original function is attained and suggests the use of an additional parameter. The initial settings for δ and q are δ 0 = 1 and q 0 = 100, respectively. A random initial point in X is used to minimize G δ,q,x * instead of a neighbourhood point, as suggested in Step 3 of Algorithm 2. If no local minimizer of G δ,q,x * is found along the search from this random point, another initial point in X is drawn and i := i + 1. When i > 2n, q := 10q and q < 10 5 , the user sets δ := δ/10 and q := q 0 in Step 6 of Algorithm 2. Then, i is reset to 1 and G δ,q,x * is minimized again from the same starting point with the new parameter values. Similar to the approach in [42] , it is not necessary to find a minimizer of G δ,q,x * .
The algorithm terminates when δ < 10 −5 and ℓ = 2n, where n refers to the dimension of the problem. Two test problems with up to 1.1739 × 10 52 feasible points were solved in [33] . Since a local minimizer of this filled function is not necessarily a local minimizer of the original function f , further computation is needed to find the local minimizer of f in a lower basin for each local minimizer of G δ,q,x * (x) found.
Discrete Filled Function in Yang & Zhang [44]
Suppose ϕ(t) is a continuously differentiable function satisfying the following conditions:
Suppose also that a function η(t) satisfies η(0) = 0 andή(t) > 0, for t ≥ 0. The filled function in [44] is given by
where x 0 is an arbitrary point in X, ϑ is a positive constant, and both ǫ and ν are problemdependent parameters. The properties for this discrete filled function are as follows:
The function G ǫ,ν,x * has no discrete local minimizer except at x 0 in the region
If ν = ǫ, G ǫ,ν,x * (x) has no discrete local minimizer except at x 0 in S U .
Given ν = 0 or ν = ǫ, if ǫ is sufficiently small and x * is not a discrete global
If x * is a global minimizer of f , then x 0 is the unique discrete global minimizer of G ǫ,ν,x * (x) with ν > 0.
The functions η(t) and ϕ(t) in (13) must be chosen carefully to ensure computational reliability and efficiency. As a guide, polynomial functions are suggested in [44] for both η(t) and ϕ(t). Based on the characteristics of this filled function, ǫ and ν are initialized as 1.0 and 0, respectively, so that there exists a local minimizer of G ǫ,ν,x * in a lower basin.
The disadvantage of this filled function is that it depends heavily on the initial point x 0 in computing G ǫ,ν,x * . Thus, x 0 has to be chosen carefully and plays a crucial role in finding 
Discrete Filled Function in Gu & Wu [16]
Gu and Wu propose the discrete filled function
and
then the following results hold:
x * is not a global minimizer of f if and only if S L = ∅ and β 0 > 0.
x ∈ S L is equivalent to G ̺,x * (x) ≤ 0.
x * is a strict discrete local maximizer of G ̺,x * .
If x * is not a global minimizer of f , then there exists a discrete local minimizer of G ̺,x * , denoted byx.
x is either in S L orX.
The parameter ̺ is initialized as 1. It is updated in Step 6 of Algorithm 2 by setting ̺ := ̺/10 when all searches at x * have been used (i.e. ℓ > q) but no improved point of f is found. The algorithm terminates when ̺ = 10 −5 . The one-parameter filled function suggested here guarantees that the minimizer of G ̺,x * is also a minimizer of f . Based on this approach, a refined algorithm which is capable of dealing directly with nonlinear constraints is proposed in [43] .
Discrete Filled Function in Yang, Wu & Bai [43]
An extended study of the filled function method in [16] is given in [43] to deal with the nonlinear constrained problem (3). A one-parameter discrete filled function is defined as
where 
If the parameter r satisfies 0 < r ≤β, G r,x * is said to be a discrete filled function at x * and the following properties hold:
x * is a strict discrete local maximizer of G r,x * on X.
If x * is not a global minimizer of f , then there exists ax ∈ S L such thatx is a discrete local minimizer of G r,x * .
Any discrete local minimizer of G r,x * is either in S L or inX.
x ∈ X\S L if and only if G r,x * (x) > 1.
x ∈ S L if and only if G r,x * (x) = 0.
Unlike the other filled functions discussed earlier, this filled function is capable of solving constrained nonlinear problems directly. Sets Λ and X are the feasible regions of f and G r,x * , respectively. Note that as stated in [43] , the algorithm is incomplete without justifying how to handle the non-feasibility issue of x 0 if x 0 ∈ X\Λ happens to be used at the beginning of the algorithm. Based on correspondence with the main author in [43] , we suggest an additional preliminary step before Step 1 in Algorithm 2 to check if
x 0 ∈ Λ before minimizing f . If this condition is satisfied, then follow Step 1 in Algorithm 2.
Otherwise, set x * := x 0 and go directly to Step 3 in Algorithm 2. Since the local minimizer of the discrete filled function has to be tested for feasibility with respect to the original function, it is not guaranteed to be a local minimizer of f . Thus, further computation is needed for this single-parameter filled function approach for each minimizer of the filled function found. The parameter r is set as 1 at the beginning of the algorithm, reduced by r := r/10 when ℓ > q in Step 6 of Algorithm 2, and the algorithm terminates when r = 10 −5 .
Solutions of Test Problems
In this section, we select several promising discrete filled function methods from those described in the previous section, based on their theoretical properties and algorithms. These [27, 28] . These algorithms are as follows:
• Algorithm A extracted from [28] .
• Algorithm B extracted from [27] .
• Algorithm C extracted from [42] .
• Algorithm D extracted from [43] .
The performance of each of the filled function method used in solving the test problem is summarized in the following subsections. The final optimal solution found for each algorithm is recorded by x * final with its corresponding objective value f (x * final ). The total number of original function evaluations, the total number of discrete filled function evaluations, and the ratio of the average number of original function evaluations to reach the global solution to the total number of feasible points are represented in Tables 1-5 by E f , E G , and R E , respectively.
Problem 1:
Colville's Function [19, 27, 28, 31, 42] min f (x) = 100 x 2 − x 2 1
This box constrained problem has 1.94481 × Table 1 . Numerical results show that Algorithm B has the smallest total number of original function evaluations, and the average R E is 0.008635805. [15, 27, 28, 42] 
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Problem 3:
Beale's Function [25, 27, 28, 31, 42] min f (x) = 1. Step 3 in a different order to that in other implementations.
Problem 4:
Powell's Singular Function [25, 27, 28, 31, 42] 
This box constrained problem has 1.60032 × 10 Table 5 . Clearly, Algorithm B has the least total number of original function evaluations and the average R E is 1.87477 × 10 −21 . Table 6 shows the average values of a number of original function evaluations for an algorithm to terminate and compares this with the results from the literature. Since these test problems were not solved in [43] , we compare our numerical results with those in [28] , [27] , and [42] only. Recall that in our implementations of these algorithms, we construct a look-up table to store each objective function value computed so far to avoid repeated calculation of the objective function. Consequently, our implementations show a significantly lower number of function evaluations when compared to the results found in the literature. We note that in our implementation of the various algorithms, searches for a local minimum of the filled function may be initialized with different starting points than those used in the implementations published previously. This is because either the order in which the neighbourhood of x * is to be tested is not specified or these starting points are not confined to the neighbourhood N (x * ) and are chosen randomly within the feasible region. This difference may influence the observed efficiency and accuracy of the algorithm. As can be seen from Table 6 , Algorithm B is the most efficient method, yielding the lowest number of function evaluations for solving all test problems.
Comparison with Literature Results

Concluding Remarks
Various discrete filled function methods are reviewed in this paper. The fundamental idea behind the filled function concept is to introduce an auxiliary function to move from a current local minimizer to an improved point, if it exists. Interestingly, each filled function has its own termination and parameter updating criteria, though a generic algorithm is proposed here to try and capture their commonalities. Based on their theoretical proper-ties, only discrete filled functions in [16] and [27] guarantee that a local minimizer of the filled function is also a local minimizer of the original function. [35, 36] .
